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Abstract We study the density of complex critical points of a real random SO(m + 1) poly-
nomial in m variables. In a previous paper (Macdonald in J. Stat. Phys. 136(5):807, 2009),
the author used the Poincaré-Lelong formula to show that the density of complex zeros of a
system of these real random polynomials rapidly approaches the density of complex zeros
of a system of the corresponding complex random polynomials, the SU(m + 1) polynomi-
als. In this paper, we use the Kac-Rice formula to prove an analogous result: the density
of complex critical points of one of these real random polynomials rapidly approaches the
density of complex critical points of the corresponding complex random polynomial. In one
variable, we give an exact formula and a scaling limit formula for the density of critical
points of the real random SO(2) polynomial as well as for the density of critical points of
the corresponding complex random SU(2) polynomial.

Keywords Random polynomials - Several complex variables - Random critical points -
Random zeros

1 Introduction

The density of real (resp. complex) zeros of random polynomials in one and several variables
with real (resp. complex) Gaussian coefficients has been studied by many. See, for example,
[3,4,6,7,9, 12]. In one variable, Shepp and Vanderbei [13], Ibragimov and Zeitouni [8],
and Prosen [11] have studied complex zeros of real polynomials. Prosen followed Hannay’s
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Fig. 1 (Color online) (Left) The density of complex zeros of a random SO(2) polynomial for N = 10, 25,
100. Because of symmetries, it is sufficient to plot the density along the imaginary axis for 0 < y < 1. Here
we have normalized so that the density of zeros of a random SU(2) polynomial is the constant function 1.
(Right) The density of complex critical points of a random SO(2) polynomial for N = 10, 25, 100, plotted
along the imaginary axis for 0 < y < 1. Again, we have normalized so that the density of critical points of a
random SU(2) polynomial is the constant function 1. In both cases, the density is converging to 1

approach and found both an unscaled and a scaled density formula for the complex zeros
of a random polynomial with independent real Gaussian coefficients. One consequence of
Prosen’s unscaled density formula is that, away from the real line, the density of complex
zeros of a random SO(2) polynomial, which is the polynomial given by

N N % ‘
fN<z)=Za,( ) 2
=

where a; is a real standard Gaussian random variable, rapidly approaches the density of
complex zeros of a random SU(2) polynomial, which is the polynomial given by

N N % ‘
fN(Z)ZZC/(j) z,

=0

where c¢; is a complex standard Gaussian random variable, as the degree of the polynomial
goes to infinity. In [10], the author used the Poincaré-Lelong formula to show this conver-
gence, recovering Prosen’s single variable result [11] for the SO(2) polynomials, and also
showed the convergence to be exponential. In Theorem 1 in [10], the author generalized this
result to the density of zeros of a random SO(m + 1) polynomial system in m variables (de-
fined below). Figure 1 illustrates this convergence in the case m = 1. Note that the density
functions are normalized so that the density in the complex coefficients case is the constant
function 1. In this paper, we use a generalized Kac-Rice formula for systems of real polyno-
mials to prove an analogous result for the density of critical points of a random SO(m + 1)
polynomial in m variables. This convergence can also been seen in Fig. 1.
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1.1 Density of Zeros

Consider h,, y = (fin, ..., f,n) : C" = C”, where f, y is a polynomial of the form
N 1/2
N
fon@ =Y c‘;<J> 2/, 1)
|J]=0

where the ¢7’s are independent complex random variables, where the random vector ¢ =
{c¢7} € CP¥, Dy = (V™), has associated measure dy, and where we are using standard

multi-index notation. Let

1 2
— —lel
AYer = ﬂNe “de, o

dyreul =34 eilc‘Z/zdc’

1
RPN 7(27_[)/\,/2

where ¢ € CPV, and 8ppy is the delta measure on RPN < CPV. Here dy,, corresponds
to the standard complex Gaussian coefficients case, where we are considering the random
SU(m + 1) polynomial

N N 172
fq,N(z)=Zc3< J> 2/, 3)

[/1=0

where the c’s are standard complex Gaussian random variables, and d,., corresponds to
the standard real Gaussian coefficients case, where we are considering the random SO(m +
1) polynomial

N

1/2 N 12
o= 50) 4= $0)

[71=0 [/1=0

where ¢4 = a +i0 is a standard real Gaussian random variable.
Let E, () denote the expectation with respect to y; or, in other words, integration over
CP~ with respect to the probability measure dy . Let

Zhy, @) = Z 8,
hy, N (2)=0

denote the distribution corresponding to the zeros of h,, y(z). Here, §, is the Dirac delta
function at z, so Zy,, @) is a collection of deltas located at the zeros of h. E,(Zy,, y@)
denotes the density of the zeros of h with respect to the measure dy. We now restate the
result in [10] on the density of zeros:

Theorem 1 (Theorem 1 in [10])

Eyi(Ziyy@) = Eyee (Zny, y) + 072V,

for all z € C"\R™, where )\, is a positive constant that depends continuously on z. The
explicit formula for A, is
l+z-z

L+ [lz|? | @

Ay = —log‘
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Also, for compact sets K C C"\R", the density converges uniformly with an error term of
O (e *kN), where A is a constant that depends only on K .

Note that for z € C"\R™, the argument of the log is less than 1, and A, is positive. The
formula for E, (Zy,, y@) is a special case of a result in [6], and is a very simple function:
mN"™ 1

o (L [Py

El’rx(zhm,N(Z)) = (5)
The formula for E,,,(Zy, y) is very complicated, but, by this theorem, we know that
E, . (Zn, y@) €quals a very simple function, £y, (Zp,, ), plus some exponentially small
term.

Shiffman and Zelditch [14] and Bleher, Shiffman, and Zelditch [1], and [2] have general-
ized many results about random polynomials on C” and R”™ to real and complex manifolds.
In particular, in [1], the authors use the Poincaré-Lelong formula to find a formula for the
density of zeros and correlations between zeros. In [10], we used this same approach to
prove Theorem 1.

1.2 Density of Critical Points

In [5], Douglas, Shiffman, and Zelditch study the critical points of a holomorphic section of
a line bundle over a complex manifold, motivated by applications in string theory. They use
a generalized Kac-Rice formula to find statistics of these complex critical points, namely
the density of critical points and correlations between critical points. In this paper, we study
complex critical points of a random polynomial with real coefficients and generalize the re-
sult in Theorem 1 of [10] to the density of critical points of a random SO(m + 1) polynomial.
More precisely, let

N

M 12
hm,N(Z) = Z CJ(J> ZJ, VAS Cm, (6)

171=0

where the ¢;’s are independent complex random variables, where the random vector {c;} €
CPN, Dy = (N +'"), has associated measure dy, and where we are using standard multi-

m

index notation. Let dy,, and dy,., be as defined in (2), and let

Chm,N(Z)= Z 3,

hi/’ILN (2)=0
be the critical points of h. We prove the following:

Theorem 2 We have

EVrea[ (Chm,N(z)) = EV(?X (ChnLN(Z)) + 0 (67AZN)’

forallz e C"\R™, where A, is a positive constant depending continuously on z. The explicit
formula for A, is

l1+z-z

T+ 12| @

A= —log‘

Also, on compact sets K C C"\R™, the convergence is uniform with an error term of
O (e *kN), where L is a constant that depends only on K .
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In other words, at any point away from R™, the expected density of critical points in
the real coefficients case rapidly approaches the expected density of critical points in the
complex coefficients case as N gets large. Note that A, in (7) and (4) are the same.

Finding the density of critical points of h is equivalent to finding the density of simul-
taneous zeros of the m partial derivatives of h, or in other words, the density of zeros of
(fise.v, f): €™ — C™, where

N\'"?* 3
fan@= 2: () 7. ®)

2q 1J]1=0 2q

Comparing (8) with (3), it seems at first glance that the critical points case in Theorem 2 is
very similar to the zeros case in Theorem 1. However, it is more difficult than that case since
the m partial derivatives are not independent random functions. The coefficients in (8) are
the same for all ¢, while the coefficients in (3) are different for all ¢ (and independent). This
fact makes the Poincaré-Lelong method used in [1] and [10] more difficult to apply when
m > 2. We instead use a generalized Kac-Rice formula for real systems similar to that used
in [5]. If m = 1, h is a polynomial in one variable and has just one partial derivative, so there
is no problem with dependent partial derivatives and we can follow the Poincaré-Lelong
method in [10].

1.3 An Exact Formula in One Variable

In one variable, both £, (Cy,, v) and Ey (Cp, y()) are simple enough to write down.
We consider the polynomial

N N /2
hmn=2}4Z>z4

=0

where z € C, where the c;’s are independent complex random variables, and where the
complex random vector (c;) € CV has associated measure dy. Let dy,q; and dy., be as
defined in (2), with m = 1. The critical points of & correspond to the zeros of

N 1/2 8
In@) = 2:( ) z.

=0

Using the Poincaré-Lelong formula, we can show that

E, (Csp(2)= Al 1 & : ©)
v (Cry (2 <(1 TP T NAFRPE +N|z|2)2>'

We can also write
E,(Cy(2) = Ey (Cpy () + En(2), (10)

where Ey(z) is some “error term,” and we can show that

2 2,2 2\N=2 |2
Ev =210 1+/-(NZ+NM+Z) — oM. (1)

7 9207 (N?[z]> + N)(1 + [z]HV 2

The steps used to obtain (9), (10), and (11) are very similar to the steps used in Sect. 2
of [10], and we omit the details here.
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1.4 A Scaling Limit Formula in One Variable

Consider the scaling limit of the density,

. 1
K@) = lim B, (Cyp): (12)

Using (9), (10), (11), and (12), we get

1 1 1
oo =1l — z = — -
K@= i, 3 B O = 7 <1 i |z|2)2>’ nd

K (z):K;:;(z)+E~Jqul(z), where

Yreal

= 1 - z 1 9?2 (14 z2)e?
E® ()= lim —Ey|—=)|=——=1 1 - |—
Vreal(z) NE%ON N( /N) T 0207 0g +\/ (1+|z|2)e|1|2

13)

The formulas (11) and (13) are similar to the corresponding formulas in [10]. However, note
that (11) does not have the same symmetries as the unscaled density of zeros in [10]. Also,
in [10], the author shows that the scaled density of zeros tends linearly towards the real line
and depends only on y =Imz:

11— @y + e’
Ky (@)=~ —4y2
real T (1 —_e 4y )3/2

=—y+00"),
T

for y near 0. For critical points, we still have that K} (z) tends linearly toward zero as we

approach the real line, but because of the additional 11:|§|2

critical points is no longer a function of only y =Imz:

term in (13), the scaled density of

_ 1 x0+3x* +6x2+6
T2 42x2+x%)3

[e ]
Yreal z

y+ 00, (14)

for y near 0. In Fig. 2, we plot (13) along the imaginary axis, where we have the asymptotics

3V2
K> (2)= S5-It 0.

The remainder of this paper is organized as follows. In Sect. 2 we introduce some notation
and state three intermediate results we will need to prove the main theorem. In Sects. 3-5
we prove these intermediate results. Finally, in Sect. 6, we use the three results to prove
Theorem 2.

2 Some Notation, and 3 Intermediate Results

We first consider a complex random polynomial h,, y : C" — C of the form

N 172

N
hm,N(Z): ZCJ<J> ZJ»

[71=0
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Fig. 2 (Color online) The scaled

density of critical points in one 1.25:
variable, plotted along the _
imaginary axis ]
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as described in (6). The following multi-index notation is being used:

Z=(21,.-52m)s
l=j1+- = jm,

Cj=Cj..j, € (C,

(N)_( N )_ N!
J jls"'vjm (N_jl_"'_jm)!jl!"'jm!’

J j i
VA 21{1...1}{’;"‘_

Instead of studying the critical points of this random polynomial h, we could equivalently

study the zeros of (fi n, ..., fu,n) : C" — C™, where f, y is a complex polynomial of the
form
N 1/2
N 9
fq,N(Z)=|JZ_:0CJ<J> e l<g=<m.

We’ll consider f;, y(z) as a function from R*" to R*", use the fact that

Ch= Zflmfm = Zflrmf&flim )

where f, = f7 + if;, and find E, (Zflrmfm-]imﬂ;l).
Consider

X=(floeees s fles £,

let z, = x4 +iy,, and let & be the matrix of derivatives of the function

(X1 oo Xy Y1y V) > X
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from R?”" — R?". We can write

afr of,
(ﬁ)lfq,q’fm (8,\*;]/)1?1”1'5”'

S = . i

af} ofy
(Wj,)lfq,q’ﬁm (3_\5,)131,4’5"’

Note that since h and f; are holomorphic, the Cauchy-Riemann equations hold, giving

Uy oy My

) (15)
0y, Oxg 0yy’ 0xg
Note also that since fqr = % and qu = %, we have
ofy 9w 3w Ay 16)
Oxg  Ox,ox,  Ox,0x,  Ox,
and likewise,
afl  afl,
Jo _ o (17)
axy 0x,

In light of (15), (16), and (17), we can choose a new basis and write

- ofr afi
§=[5ls= ( ! ) A=t € R,
0xy a<q’ 0xy 2<d’

where d,, = m(m + 1)/2. Below, & will always refer to the matrix, é to the vector, and é to
the complex conjugate of the vector E.

Let 4, be the covariance matrix of (}) € R+ with respect to y. We can write A, in
block form as

(18)
B, = (E,x, j))qj (2m x 2d,, matrix),

¢, =(E (éjgj/))j L =C) @y x 2d,, mariv),

where 1 <¢,q' <2m, and 1 < j, j' <2d,. Let A;' be the lower right block of A;'. Then
we have

A,=C,—BlA,'B,. (19)

We now state three results which will be used to prove the theorem. In the first result, we
reduce finding £, (Cy) to finding a term we call E4,, (det§).
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Lemma 1 (Using the Kac-Rice formula) We have E, (Cy) = W E 4, (det§).
s Cl y

Next, we use Wick’s formula to write £, (det§) in terms of entries of A,.

Lemma 2 (Using the Wick formula) E,, (det§) =¢(A,), where ¢(A,) is a homogeneous
polynomial of degree m in the entries of A, .

Finally, we show that A, , and A,  differ by an exponentially small term.

Yreal

Proposition 1 (A relationship between the real and complex Gaussian cases)

AV‘ 1 A —XzN
real — 19) z cCm Rm,
Qrz" a7 0™, z \

where A, is given by the same formula as (7).

In the next three sections, we prove these results. In the last section, we use these results
to finish of the proof of Theorem 2.

3 Proof of Lemma 1—Using the Kac-Rice Formula

Note that because of Cauchy Riemann equations, det& is positive, and /det£ET = det&.
By the Kac-Rice formula for a system of real functions, we have

E\(Zyp g i) = /R  aEEN D, 0.8 dé = | dets D, 0,8 0k

R2dm

where D, (X, é ; z) is the Gaussian density in 2m + 2d,, real variables given by

Ye o) pum—— RO

amtdn /det A,

Recall that in (18), we wrote A, in block form. Note that we can also write A,,, B,,, and C,,
in block form as

( (Ey (fq fgDaa By ([ fg D ) (20)

(Ey(fqifqrf))q,q’ (Ey(fqifqi/))q,q’

(E, <f,;,’,k g By ,))M ”
B, = , (21)

(Ey(fqiﬁ))%q’,p’ (E (fq[ dv ,))qq N4

oty My Yy
[Ey (ax,, ax, ,)]q-P»q’-P’ LE,y (dr,, ox, ,)]%M’vﬁ’
C,= i ¥ , (22)
afl fq/ afl oy

[ V(axp ax, ,)]qvaq’,p’ [Ey (ax,, ox, ,)]qwm’m’

where l<g<p<m,and1<q' <p' <m.
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526 B. Macdonald

Now, using the fact that for D, (0, £:1z) only the lower right block of A ! matters, we
can write

. 1 Ha(9). (2
Dy 0.8 = e e, P (‘5<“V1(5)’ <é>>>

1 1 1 oA
= exp| —=(AZ! , .
. /det A, wdn, /det A, p( 2< v s g)>

We have also used the fact that det A, =det A, det A,,. We now have

! 1 T
T det —_—— X — A*l , d
o Jao A, Juan O i Jaei p( = yss>) £

= ;EAV (det£).

7™, /detA,

E,(Cy) =

4 Proof of Lemma 2—Using the Wick Formula

We now want to evaluate E, (det§) using the Wick formula, which states that if
Xy, ..., Xo, are jointly Gaussian random variables, then

2m m
E(T]x,|=>_]]Ex, X))
g=1 g=1
where the sum is over partitions of {1, ..., 2m} into disjoint pairs {i,, j,}. First we write
2m

2m
Ey (det&)=Ea, | Y sen©@) ] [&ow | = Y sen@)Ea, | [ [&ow

oE€SHyn g=1 o€Sy, g=1

= Z sgn(o)ZHEAy (éiq,a(iq)qu,ﬁ(jq)) 23)
g=1

oSy

where o is a permutation, and where the second sum is over partitions of {1, ..., 2m} into
disjoint pairs {i,, j,}. Note that terms of the form

E4, (&,.060E/0.7Gp)

are actually entries of A,. So we have written E 4, (det§) as a sum of products of m entries
in A, . More specifically, we have that

Ey, (det§) =¢(4,),
where ¢(A,) is a homogeneous polynomial in the entries of A,,.
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5 Proof of Proposition 1—A Relationship Between the Real and Complex Gaussian
Cases

Suppose now that we have the measures dy,, and dy,. as defined in (2).
Note that dy,, corresponds to the standard complex Gaussian coefficients case, where we

are considering
N 1/2
N
hm,N(Z) = Z CJ<J> Zj

[/1=0

where the c;’s are standard complex Gaussian random variables, and d ., corresponds to
the standard real Gaussian coefficients case, where we are considering

N N 1/2 N N 1/2
hm,N(Z): ZCJ(J) Zj: ZaJ(J) Z]

1/1=0 |J|=0

where ¢; = a; +i0 is a standard real Gaussian random variable.
We now state four lemmas we need to prove the proposition. Each result is a variation
Eyex )
> (142N

Vr(al( )
(+zz)N

on the following theme: on C™” \ R™ and

7AZN)_

are either equal, or differ by an

exponentially small term O (e

Lemma 3 Letz € C" \ R™. The following are true for all q,q’, p, p’:

Eyea Jaty) — EyexUgfy) —i N
L =57 = “tmar T 0™,

Eyreal(f’/ #) Eyec(fq #) _a,N

" = ey T O(e ),
af, afy Uyt
Eynal(ﬁfz; r'i o ) Eyfx(% 324/ —a, N
- L 4 O (e,

(14+z-z) (1+z-z)

Proof We prove just (1), and the rest are proved similarly. For (1) we have

N 172 N 12
N2 Ny 3
EVL’X(quq/) = E}/cx Z CJ(J) an z’ Z K <K> BZq’ a2
|J1=0 IK1=0

Al M2 (N\'"* o o
=Y > Ey (cicx) —z K —o,
‘ J K 9z, 0zy

|J]=0 K |=0

since E,. (c;cx) =0 for all J, K. Note that £, (c;cx) =1 when J = K, so we have
E,. (f,f,) #0; see Lemma 4. Similarly, we have

E,...(f, f) 1 M'"/N\? 8 8
redi — E
(+z-2"  (I+z-Z )NZZ ma €I\ G ) \k) 92, bz,

|J]=0|K[=0

1 ZZ 2NN
E rea (aJaK)< ) < > — 7 —1
(1+Z (I+z 2" [7]=0 K |=0 e K dzg  9zg
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a J
7,
(1+z (A+z-2V Z( > zq 02y

171=0

since E,, (ajag) =1, when J = K, and is zero otherwise. We can then write

Eyrcul(quq/)_ 1 d ~J
(A+z-2V  (1+z- )N”Z:O( )82q anrZ

N

— 1 —Niﬁzc\/)ﬂy
(I+z-2)" 9z, 0z 17]=0 J

1 B

T (+z-2" oz, azq

NN = Dzgzg (1+z-2\"7
T (141z-2)? l+z-z ’

z=z

—(1+1z-2) '

(24)

Since [1+z-z|<|1+2z-Z =1+412z-7%, forall ze C" \ R", wehavethat|l+”|<l

I+z-z
for all z e C™ \ R, which implies that ({2£2)"~2 = O(e™**"), z € C" \ R", where 4, =
—log| 11:”12'”12 |. So we have
Eyea (Jafq) —AzN
— s = 0(e ), zeC"\R".
U+zzy - 0€) \

The results (2) and (3) in Lemma 3 can be proved similarly by defining z and pulling the
derivatives outside the sum as we did in (24). O

Lemma 4 We have forall q,q’, p, p":
EVreal (qu_q/) = E)/cx (qu_q’)7

3f ’
2. EVrea[(f‘i B*q ) = y“(fq qu/)
oy g\ 8fy Oy
3. Vrful(ﬁ Zp 3” y(‘x(m BZP/ ’

Proof We again prove just (1). We have

N 12 N 12
— N d N d
EVL'X (fq fq/) = El/cx : : CJ( > ZJ Z CK( >
o N 0% ks K9z

ARl M7\ T
=Y > Ep(citx) —z/ — 2K
‘ J K dzy 0dzy

[7]=0K |=0
ol

e 0< )8zq 0zy

since E,  (c;cx) =1, when J = K, and is zero otherwise. Likewise, since E,,  (c;cx) =
E, .(a;ax) =E, ,(ajax),andsince E, ,(ajax) =1 when J = K and is zero otherwise,
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we have

N N 1/2 1/2 I —
_ __ (N N a a
EVreaI(f‘Ifq/) = Z Z EVreal (CJCK) <J) (K) a_zj zk

0
171=0 |K|=0 g 9%

YN\ 9,0 _
= Z (J>_ZJ_ZJ = Em(quq’)'

i 0zg Ozg

By pulling the derivatives outside the sum as we did in (24), (2) and (3) can be proved
similarly. ]

Lemma 5 Ler z € C" \ R™. Using the results of the previous lemmas, we have, for all
9.9 p,p"
EvreaUg 1) By g 1)

1. (I+zN T (42N

+ O(e V),

ar i

/
r__q r__q
Eyreal (ffi 8)(,,/ ) Eyex (fﬂl axp/ )

_ 3N
™ = ey~ T O,
ol )
ofy dfqr afy dfq/
Eyreat Gy ox,) Ever(axy 3
o p X 7 ,’Lp X 7 _
7N11 — 7Nﬂ +0(€ AZN).
(142z-z) (14z-7)

Similar results hold for f; f7,, fqi f;/, and fqi Iy

Proof We again prove just (1). Using fq’ = %(fq + Tq), f; = %(fq — Tq), and Lemmas 3
and 4, we have

E)/,m] (fq’ f‘;/) _ l EVrml (fq fq’) _ EVrml (qu_q/) + Eyrfal (quq’) _ Eyrfal (qu_q/)
A+z-2" (+z-2"  (U+z-" (I+z-2"

(I+z-2)V 4
_ i Ey. (fqJq) —aNy _ Eycx(fqﬁ) EV(?.X(qu‘I/)
_M[U+D@N+0@ ) " U+z-" " Q+z. DV
_ E)’cx(qu_q/)
(1+z-z)N
_Euﬁﬁ)
T (d+z-DN

+0 (ef)»zN):I

+ 0(e™)

for all z e C" \ R™. Statements (2) and (3) could be proved similarly, noting that f; is
holomorphic and % = % 0

Using Lemma 5, we get the following results:

Lemma 6 We have

Avreal  _ _ Ayex —)uN
L. (1+zr~€;)N  (+zN + 0™,
2. BVreal — Byex + O(e—)nzN)’

(42N — (42N

Cyreal — Cyex —AzN
3. (+z)N " (422N G )-
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Proof From (20) we have

EVrml (fé; fqr’) EVreal (fflr ftj’)
Ayal _ ( (14+zz)N Ja ( (I+z2)V )q.q’ (25)
(1+z-z)¥ Eyrml(f(ﬁfq’,)) (Ema[(f(; fqil)) |
(Itzz)N 94 (+zzN 94

and using Lemma 5, we get that (25) equals

Eyex (g I7) Eyex Jq 1)

(v T 0(e™N))yy (v T O0(e™M))y ¢
Eyex (fé.fr/) 0N Eyex (.f,;.fi/) 3N
(W + 0(6 ))q.q/ (W + 0(6 ))q.q’
Ay —AzN
= “—— 4+ O(e™ "),
(1+z-2)N ( )
which proves (1). The matrices B,,,,, By, C,,,» and C, . can be written out similarly to
get (2) and (3). O

Returning to the proof of the proposition, we can use (19) and Lemma 6 to get,

Ay Crea = By Aypea Brica _ Cree = By A7 By N
— = — = — + O(e z )
(1+z-z2)N (1+z-z2)N (14+z-z2)N
Yex —AzN
=——40 2.
A+z.9r 0™

6 Proof of Theorem 2

By Lemma 1 we have

1 Ea, (det&) 1 1 Es, (det§)
EVrml(ChN (Z)) = — B I — Yreal

o\ /detA,, . am [ detAy, ., (14+2z-Z)Nm
(1+Z‘2)2Nm

Note that from (23) we can see that each term in the homogeneous polynomial

(20)

E Aot (det&) = ¢(A,,,,) has m factors, each of which is an element of A, ,, and like-
wise for £4, (det&). This fact, along with Proposition 1, gives
EAVreal (detg) — EAV(:»‘ (deté) + 0 (e*)»zN) (27)
(1+z-Z)N (1 4z-7)N" ’
and from (26) and (27) we have
1 1 E,,., (det§)
E,. . (Chyw) = — ex O Ny). 28
Vrcal( hy ( >) ((1 +Z'2)Nm + (e ) ( )

T detAVrml
V (+z2)2Nm
Also note that A, is a 2m x 2m matrix, so each term in det A, has 2m factors, each of which
is an element of A, . Using this fact and Lemma 6, we have

detA,, detA,, .
rea — cx 0 z , 29
(1 +z- Z)2Nm (1 +z- 2)2Nm + (e ) ( )
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and (28) and (29) give

1 ( Ea,, (deté)

O(e N ) ) 30
+ O(e772N) a+zin+ " G0

Eyrm[(chN(z)) = Tm et Ay

(14z.z)2Nm

Simplifying (30) further and using Lemma 1 again gives us

11 Ea ete)
EVrenl (ChN(z)) = = + 0(3 )LZN)

am [ detAy, (14+z-zZ)Nm
(1+z7)2Nm
1 E4, (deté)

nm JdetA,,

=E, (Chyw) + O(e ).

+ 0(e™ M)
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